Abstract While a couple of impressive quantum technologies have been proposed, they have several intrinsic limitations which must be considered by circuit designers to produce realizable circuits. Limited interaction distance between gate qubits is one of the most common limitations. In this paper, we suggest extensions of the existing synthesis flow aimed to realize circuits for quantum architectures with linear nearest neighbor (LNN) interaction. To this end, a template matching optimization, an exact synthesis approach, and two reordering strategies are introduced. The proposed methods are combined as an integrated synthesis flow. Experiments show that by using the suggested flow, quantum cost can be improved by more than 50% on average.
Introduction
Since the invention of the integrated circuit in 1958, the number of transistors in such circuits has doubled approximately every two years (also known as Moore's Law). Currently, semiconductor technology has advanced the world towards more powerful systems by decreasing the transistor size. However, further miniaturization is beginning to appear insoluble due to the density of power dissipation and the impossibility to realize patterning features approaching the atomic scale.
The difficult barriers to the ongoing improvements in semiconductor technology have intensified the attraction of alternative computing paradigms such as quantum computing. It has been shown that quantum computing could improve the rate of advance in processing power at least for several applications [1] . In principle, there are several problems that cannot be executed on a classical Turing machine as efficiently as on a quantum computer. Quantum computers would provide exponential speedups on several problems including factoring of numbers and simulating the quantum-mechanical behavior of physical systems [2] . However, several obstacles exist in the way of physically implementing scalable quantum computers.
While several impressive physical realizations have been proposed for quantum computers (see [3] for a classification scheme of different quantum computing technologies), all of these technologies have serious intrinsic limitations [4] . Among the different technological constraints, limited interaction distance between gate qubits is one of the most common ones. Although arbitrary-distance interaction between qubits is possible in quantum computer technologies with moving qubits (for example in a photon-based system [5] ), restrictions exist in other quantum technologies. In fact, many physical quantum computer proposals only permit interactions between adjacent (nearest neighbor) qubits [6] . For example, trapped ions (e.g., [7] ), liquid nuclear magnetic resonance (NMR) (e.g., [8] ), and the original Kane model [9] have been designed based on the interactions between linear nearest neighbor (LNN) qubits. The LNN architecture is often considered as an appropriate approximation to a scalable quantum architecture. If one can show that a circuit can efficiently be realized using an LNN architecture, it can be run in many other architectures as well [10] .
The efficient realization of a given quantum algorithm for the LNN architectures is an active research area. In the recent years, the effect of restricted interactions on several specific quantum algorithms has been studied. For example, the physical implementation of the quantum Fourier transformation (QFT) [11] , Shor's factorization algorithm [6, 12] , quantum addition [13] , and quantum error correction [14] for the LNN architectures have been explored in the past. Besides that, researchers also considered the effects of LNN architectures on the synthesis of general quantum/reversible circuits. In [15] and [16] , the worst-case synthesis cost of a general unitary matrix under the nearest neighbor restriction has been discussed. It has been shown that restricting CNOT gates to nearest neighbor interactions increases CNOT count of [16] by at most a factor of 9. The authors of [17] showed that translating an arbitrary circuit to the LNN architectures requires a linear increase in the quantum cost with respect to the number of qubits. In [18, 19, 20] , heuristic methods for converting an arbitrary circuit to its equivalent on the LNN architectures have been proposed. However, their performance is limited as discussed later.
In this paper, we suggest extensions of the existing synthesis flow aimed to realize circuits for LNN architectures. We show that with a naive treatment of the LNN restriction, quantum circuits require up to one order of magnitude higher quantum cost in the LNN architectures. In contrast, if this restriction is explicitly considered by the proposed synthesis flow, this increase can be reduced by more than 50% on average (83% in the best case). To this end, the following approaches are proposed:
-An improved template-matching post-synthesis optimization method that reduces the circuit cost for LNN architectures, -an exact synthesis method for small functions realizing circuits with nearest neighbor interaction, and -reordering strategies, which modify the initial qubit locations in order to reduce the distance between non-neighbored qubits.
The remainder of this paper is organized as follows. In Section 2, basic concepts are introduced. Next, we briefly review the naive synthesis flow for LNN architectures in Section 3. Followed by this, Section 4 describes the proposed synthesis and optimization approaches with explicit consideration of the LNN limitation in detail. How to combine the respective approaches as an integrated flow is sketched in Section 5. Finally, experimental results are given in Section 6 and conclusions are drawn in Section 7, respectively.
Background

Reversible Logic
A function f : B n → B n over variables X = {x 1 , . . . , x n } is reversible if it maps each input assignment to a unique output assignment. Such function must have the same number of input and output variables. In this paper, n is particularly used to refer to the number of inputs/outputs. A circuit realizing a reversible function is a cascade of reversible gates. Common reversible gates include:
-A multiple control Toffoli gate t m has the form t m (C, t), where C = {x i 1 , . . . , x i m } ⊂ X is the set of control lines and t = {x j } with C ∩ t = ∅ is the target line. 
and a t 1 ({x i }, x j 1 ) in a cascade.
Reversible logic has applications in various fields including quantum computation.
The decomposed circuit with elementary gates Fig. 1 A reversible circuit and its decomposed circuit
Quantum Logic
A quantum bit, qubit in short, can be realized by a physical system such as a photon. Each qubit has two basic states |0 as well as |1 and can get any linear combination of its basic states (called superposition, as shown in (1) where α and β are complex numbers).
An n-qubit quantum gate is a device which performs a specific 2 n × 2 n unitary operation on selected n qubits in a specific period of time. A matrix U is unitary if U U † = I where U † is the conjugate transpose of U and I is the identity matrix. Previously, various quantum gates with different functionalities have been introduced. For examples, Hadamard (H), Controlled-V, and Controlled-V + gates are defined by the following unitary matrices:
Synthesis Cost
Each Toffoli, Fredkin, and Peres gate can be decomposed into a quantum circuit composed of a sequence of elementary quantum gates [1] . Each elementary gate performs a single physical operation in a certain quantum computing technology. The number of elementary gates required to realize a given reversible gate is called quantum cost. It has been shown that NOT, CNOT, Controlled-V, and Controlled-V + gates can efficiently be realized in quantum computer technologies [21] . These gates are usually considered as elementary gates for reversible Boolean functions [22] . Thus, we stay with this definition in the following sections. However, in other technologies not only this restricted set, but all one-qubit gates and all two-qubit gates, respectively, are considered as elementary gates [1] . This is separately considered in the experimental evaluation of the proposed approach in Section 6. Fig. 1(a) shows a Toffoli gate and a Fredkin gate in a cascade. The resulting (decomposed) quantum circuit is depicted in Fig. 1(b) . Here, the control lines are denoted by • while the target lines are denoted by ⊕, ×, a V box, or a V + box, respectively. As can be seen, a t 2 gate is decomposed into 5 elemantary gates, while a f m gate is decomposed into 7 elemenary gates, respectively. For larger gates, the respective decomposition depends on the number n − m of unused circuit lines: For n ≥ 5 and m ∈ {3, 4, · · · ⌊n/2⌉}, a t m gate can be decomposed into a linear-size circuit which contains 12m − 22 elementary gates. In addition, for n ≥ 7, a t n−2 gate can be decomposed into 24n − 88 elementary gates with no auxiliary bits [23] . Finally, a t n−1 gate can be decomposed into 2 n − 3 elementary gates if no unused circuit line is available [22] . The cost of a f m gate (1 ≤ m ≤ n − 2) is the cost of a t m+1 gate plus two [1] . Obviously, always the most efficient decomposition is applied.
The Naive Synthesis Flow for the LNN Architectures
Reversible circuits can be synthesized using multiple control Toffoli gates first that are afterwards mapped to elementary quantum gates. On the other hand, elementary gates can be directly applied during the synthesis process. While for the latter case, only small circuits have been determined so far (e.g., see [24, 25] ), approaches for Toffoli network synthesis can handle larger functions and circuits (e.g., see [26, 27, 28, 29, 30, 31, 32] ). However, both approaches often lead to sub-optimal circuits with respect to the LNN architectures since the number of elementary gates (i.e., quantum cost) are improved without an explicit consideration of the LNN restriction. The same problem exists for quantum circuit synthesis algorithms [15, 16] .
In order to measure the cost of the LNN restriction, a cost metric is defined. Consider a 2-qubit quantum gate g where its control and target are placed at the c th line and at the t th line (0 ≤ c, t < n), respectively. The NNC (nearest neighbor cost) of g is defined as |c − t − 1| (i.e., distance between control and target lines). The NNC of a circuit is defined as the sum of the NNCs of its gates. Optimal NNC for a circuit is 0 where all quantum gates are either 1-qubit or 2-qubit gates performed on adjacent qubits.
Since synthesis algorithms may use several non-elementary gates during synthesis, all non-elementary gates should be decomposed into a set of elementary unit-cost gates for physical implementation. Decomposition methods proposed in [22, 23, 16] are extensively used for this purpose. On the other hand, after applying one of the available synthesis and/or decomposition algorithms, non-optimal circuits with respect to NNC may result. For example, Fig. 2 (a) shows the standard decomposition of a Toffoli gate which leads to an NNC value of 1. To make this circuit applicable for the LNN architectures, SWAP gates must be applied for each non-adjacent quantum gate. More precisely, SWAP gates are added in front of each gate g with non-adjacent control and target lines to "move" the control (target) line of g towards the target (control) line until they become adjacent. Afterwards, SWAP gates are added to restore the original ordering of circuit lines. Similar methods have been applied by previous synthesis methods considering the LNN restriction [20, 15, 18, 19, 16, 33] .
Example 1 Consider the standard decomposition of a Toffoli gate as depicted in Fig. 2 (a) . As can be seen, the first gate is non-adjacent. Thus, to achieve NNC-optimality, SWAP gates in front and after the first gate are inserted (see Fig. 2 (b) ). Since each SWAP gate requires 3 elementary quantum gates 1 , this increases the total quantum cost to 11, but leads to an NNC value of 0.
By inserting SWAP gates consecutively for each non-adjacent gate, a quantum circuit with NNC of 0 (and thus applicable to LNN architectures) can be determined in linear time. This method is denoted by naive NNC-based decomposition in the rest of this paper. However, as can easily be seen, synthesizing quantum circuits for LNN architectures using this method (or similar approaches like [20, 15, 18, 19, 16] ) often leads to a significant increase in the quantum cost. In contrast, often smaller realizations (with NNC of 0) are possible. As an example, consider Fig. 2 (c) that shows an NNC-optimal decomposition with quantum cost of 9 (instead of 11). In the next sections, a synthesis flow is described that explicitly takes NNC into account. Hence, better quantum circuit realizations for the LNN architectures can be found as shown in the experimental results section.
Explicit Consideration of NNC
In this section, we propose new synthesis and optimization approaches that explicitly take NNC into account. More precisely, a template-matching post-optimization algorithm is introduced to simplify the circuits resulted from the existing synthesis flow. Furthermore, an exact synthesis approach is proposed that determines NNC-optimal circuits with minimal quantum cost. The resulting circuits can later be exploited to optimize large circuits. Finally, two heuristic approaches are introduced that modify the initial qubit locations in order to remove unnecessary SWAP gates and therewith to reduce the cost.
NNC-based Template Matching
The idea of exploiting templates has originally been proposed in [34] and extended in [35] for LNN architectures. In this section, further templates for LNN architectures are proposed that outperform the previous ones as shown below.
•
Quantum cost: 9 NNC: 0 
With one SWAP gates
(c) With three SWAP gates
Fig. 3 Proposed templates
Two neighboring gates can be interchanged if the target line of the first gate is not equal to the control lines of the second gate and vice versa (moving rule). In addition, two neighboring SWAP gates with the same target lines can be removed (deletion rule). The general idea of template matching is to replace a cascade of reversible gates by a different cascade with the same functionality and afterwards applying the moving and deletion rules to optimize the circuit. By considering this approach, templates with one, two, and three SWAP gates are proposed in Fig. 3(a), Fig. 3(b) , and Fig. 3(c) , respectively. The U i boxes thereby represent any one-qubit or two-qubit gate. A U R i box represents the same gate as a U i box, but probably with interchanged control and target lines.
As an example, consider the circuit shown in Fig. 4 (a) with quantum cost of 16. By applying a template introduced in Fig. 3(b) , the circuit shown in Fig. 4(b) results. Now, a 1-SWAP template (Fig. 3(a) ) can be applied leading to the circuit depicted in Fig. 4(c) . Finally, by applying the deletion rule, gates can be removed and, the final quantum cost is improved by about 37%. The final circuit is shown in Fig. 4(d) .
The authors of [35] introduced a set of nearest neighbor templates for Toffoli and CNOT combinations. It can be verified that the introduced templates in Fig. 6(b) and Fig. 6 (c) of [35] can be found by applying the deletion rule. Moreover, consider the circuit shown in Fig. 5(a) which includes a Toffoli-CNOT combination. Fig. 5(b) illustrates a template as proposed in Fig. 6(a) of [35] . This circuit still has to be decomposed to elementary gates leading to a circuit with quantum cost of 30 as shown in Fig. 5(c) . On the other hand, consider the circuit shown in Fig. 5(d) obtained by applying the naive method on the circuit of Fig. 5(a) . The equivalent circuit after applying the templates introduced in Fig. 3(b) is given in Fig. 5(e) . Applying the deletion rule finally leads to a circuit with quantum cost of 24 as shown in Fig. 5(f) . Thus, applying the templates proposed in this paper in conjunction with the deletion rule improves the result of [35] by 20%.
Besides that, the efficiency of the proposed templates is illustrated by the following practical relevant example.
(a) A circuit with quantum cost of 16 
The circuit of Fig. 5 (a) after applying the naive method (quantum cost of 42) 
The resulting simplified circuit (quantum cost of 24) Fig. 5 An existing nearest neighbor template for a Toffoli-CNOT combination and our proposed template 
Based on the method by Hirata et al. [20] with 24 SWAP gates Example 2 Consider the circuit shown in Fig. 6(a) which is the approximate quantum Fourier transform circuit (AQFT) [36] with 36 SWAP gates obtained by the method of [11] for 8 qubits and an approximation parameter of 5. Note that R k is the rotation by 2π/2 k and H is the Hadamard gate. Fig. 6(b) is an equivalent circuit with 24 SWAP gates constructed by a method recently introduced in [20] . On the other hand, applying the proposed templates on the result of [11] leads to the circuit with 20 SWAP gates illustrated in Fig. 6 (c).
Exploiting Exact Synthesis
A few exact synthesis methods for quantum circuits have recently been introduced. They generate quantum circuits with minimal quantum cost (for examples see [24, 25] ). However, no approach to determine optimal circuits for LNN architectures has been proposed so far. In this section, an exact synthesis algorithm is proposed to construct quantum circuits with both, minimal quantum cost and minimal NNC.
The developed approach is similar to the one introduced in [25] . Here, the synthesis problem is expressed as a sequence of Boolean satisfiability (SAT) instances. For a given function f , it is checked if a circuit with c gates realizing f exists. Thereby, c is initially assigned to 1 and increased in each iteration if no realization is found.
More formally, for a given c and a reversible function f : B n → B n , the following SAT instance is created:
where -− → inp i is a Boolean vector representing the inputs of the network to be synthesized for truth table line i, -− → out i is a Boolean vector representing the outputs of the network to be synthesized for truth table line i, and -Φ is a set of constraints representing the synthesis problem for a given gate library.
The difference in comparison to [25] is that the constraints in Φ do not represent the whole set of elementary quantum gates and a restricted gate library with only adjacent gates is applied. Although solving the generated SAT instances using a modern SAT solver can produce optimized circuits, the applicability of the exact method is limited to functions with a small number of qubits and gates due to the exponential search space. Actually, the proposed exact method is sufficient to construct minimal realizations with respect to both quantum cost and NNC for a set of Toffoli and Peres gate configurations as shown in Table 1 . However, these optimal circuits can be exploited to improve the naive NNC-based decomposition method. More precisely, once an exact NNC-optimal quantum circuit for a function is available (denoted by macro in the following), the decomposition from the naive approach is replaced by the optimal circuit. The following example illustrates the idea.
Example 3
Reconsider the decomposition of a Toffoli gate as depicted in Fig. 2 . By applying the proposed exact synthesis approach, an NNC-optimal quantum circuit as shown in Fig. 2(c) results. In comparison to the naive method (see Fig. 2(b) ), this reduces the quantum cost from 11 to 9 while still ensuring NNC optimality.
After finding the optimal decomposition of a given gate, it can be used as a macro to simplify other circuits. For example, consider the circuit shown in Fig. 7 . Here, for the second gate the naive method is applied and SWAPs are added, while for the remaining ones the obtained macro is used. This enables a quantum cost reduction from 96 to 92.
Moreover, Fig. 8(b) and Fig. 8(c) show the NNC-optimal circuit of the Peres gate obtained by the naive and by the exact approach, respectively. As illustrated, applying the naive approach leads to quantum cost of 28 while the optimal circuit has only quantum cost of 11.
In total, we generated 13 macros as listed in Table 1 together with the respective costs in comparison to the costs obtained by using the naive method. As can be seen, exploiting these macros reduces the cost for each gate by up to 63%. The effect of these macros on the decomposition of larger circuits is considered in the experimental results section in detail.
Reordering Circuit Lines
Applying the approaches introduced so far leads to an increase in the quantum cost for each non-adjacent gate. In contrast, by modifying the ordering of the circuit lines, some of the additional costs can be saved. As an example, consider the circuit in Fig. 9 (a) with quantum cost 3 and an NNC value of 6. By reordering the lines as shown in Fig. 9(b) , the NNC value can be reduced to 1 without increasing the total quantum cost. It is worth noting that manipulating the line order has been previously done to reduce the quantum cost (e.g., in [26, 37] ). To determine which lines should be reordered, two heuristic methods are proposed in the following. The former one changes the ordering of the primary inputs and outputs according to a global view while the latter one applies a local view to assign the line ordering.
(c) Circuit obtained by exploiting exact synthesis 
Global Reordering
After applying the standard decomposition algorithms [22, 23] , a cascade of 1-and 2-qubit gates is generated. Now, an ordering of the circuit lines which reduces the total NNC value is desired. To do that, the "contribution" of each line to the total NNC value is calculated. More precisely, for each gate g with control line i and target line j, the NNC value is calculated. This value is added to variables imp i and imp j which are used to save the impacts of the circuit lines i and j on the total NNC value, respectively. Next, the line with the highest NNC impact is chosen for reordering and placed at the middle line (i.e., swapped with the middle line). If the selected line is the middle line itself, a line with the next highest impact is selected. This procedure is repeated until no better NNC value is achieved. Finally, SWAP operations as described in the previous sections are added for each non-adjacent gate. The following example illustrates the idea.
Example 4 Consider the circuit depicted in Fig. 10(a) . After calculating the NNC contributions, we have imp a = 1.5, imp b = 0, imp c = 0.5, and imp d = 1, respectively. Thus, lines a (highest impact) and c (middle line) are swapped. Since further swapping does not improve the NNC value, reordering terminates and SWAP gates are added for the remaining non-adjacent gates. The resulting circuit is depicted in Fig. 10(b) and has quantum cost of 9 in comparison to 21 that results if the naive method is applied.
Local Reordering
In order to save SWAP gates, line ordering can also be applied according to a local schema as follows. The circuit is traversed from the inputs to the outputs. As soon as there is a gate g with an NNC value greater than 0, a SWAP operation is added in front of g to enable an adjacent gate. However, in contrast to the naive NNC-based decomposition, no SWAP operation is added after g. Instead, the resulting ordering is used for the rest of the circuit (i.e., propagated through the remaining circuit). This process is repeated until all gates are traversed. Example 5 Reconsider the circuit depicted in Fig. 10(a) . The first gate is not modified since it has an NNC of 0. For the second gate, a SWAP operation is applied to make it adjacent. Afterwards, the new line ordering is propagated to all remaining gates resulting in the circuit shown in Fig. 10(c) . This procedure is repeated until the whole circuit has been traversed. Finally, a circuit with quantum cost of 9 (in contrast to 21) is produced.
A Synthesis Flow for LNN Architectures
Having the proposed approaches from the previous section available, they can be combined to an extended synthesis flow that explicitly takes the LNN limitation into account. Fig. 11 illustrates this flow. As shown in this figure, first an off-the-shelf synthesis approach is applied to create an initial circuit realization. Afterwards, if macro replacement is enabled, the proposed macro replacement method from Section 4.2 is applied to simplify the circuit (lines 2-3). Then, one of the available standard decomposition methods is applied to decompose all non-elementary gates into a set of elementary unit-cost gates (line 4). The resulting quantum circuit can be optimized by the reordering methods proposed in Section 4.3 (lines 5-8). Finally, SWAP gates for the remaining non-adjacent gates have to be added (line 9) and template matching as introduced in Section 4.1 can additionally be applied (lines [10] [11] . Note that each method is applied on the result of the previous method in the proposed synthesis flow. It can be verified that for the naive method, only lines 1, 4, and 9 are executed.
input: a given reversible or quantum specification output: a synthesized circuit for LNN architectures 1. synthesize the given specification using an appropriate synthesis method 2.
if macro replacement is enabled 3.
apply the available macros 4.
decompose each gate into a set of elementary gates 5.
if global reordering is enabled 6.
reorder initial qubit locations based on the global reordering method 7.
if local reordering is enabled 8.
reorder initial qubit locations based on the local reordering method 9.
insert a set of SWAP gates for each non-adjacent gate 10.
if template matching is enabled 11.
apply the available templates Fig. 11 The extended synthesis flow
Experimental Results
In this section, experimental results are presented. We evaluated the methods introduced in Section 4 and compared them to the naive approach, which has been used by other synthesis methods [20, 15, 18, 19, 16, 33] so far. All approaches have been implemented in C++ and applied to the benchmark collection available at RevLib [38] including a wide variety of circuits that already have been used by other researchers to evaluate previous reversible synthesis approaches. The experiments have been carried out on an Intel Pentium IV 2.2GHz computer with 2GB memory.
The results are shown in Table 2 and Table 3 , respectively. The former table shows the results obtained by applying the established decomposition, where a SWAP gate is composed of three elementary gates. Additionally, Table 3 shows the results obtained by assuming the SWAP gate itself to be an elementary gate (as done by certain quantum technologies [1] ). The first column gives thereby the names of the circuits followed by unique identifiers as used in RevLib. Then, the number of circuit lines (n), the gate count (gc), the quantum cost (qc), and the NNC value of the original reversible circuits are shown. The following columns denote the quantum cost of the NNC-optimal circuits obtained by the naive method (N) as well as by the proposed synthesis flow where a combination of macro replacement (M ), global reordering (G), local reordering (L), and template matching (T ) methods has been applied. For example, MT denotes the results obtained by the proposed flow with macro replacement and template matching methods enabled (i.e., reordering methods disabled). Besides that, the results of the best configurations are given in column Best config. The percentages of the best quantum cost reduction obtained by the extended synthesis flow in comparison to the widely used naive method are reported in Column Best Impr.. Column Time denotes the overall run-time needed to generate the results for all possible configurations (with and without any possible options). Finally, the last column shows the remaining overhead in terms of quantum cost needed to achieve NNC-optimality in comparison to the original circuit (Ohead).
As can be seen, decomposing reversible circuits to have NNC-optimal quantum circuits for LNN architectures is costly. Using the widely used naive method, the quantum cost increases significantly. This result has been obtained in recent synthesis papersas well [17, 16, 33] . However, using the proposed methods, this can be improved. Even if reordering may worsen the results in some few cases, in total this leads to an improvement. The results have been obtained in negligible run-time (i.e., in less than one CPU second). Only if template matching was enabled more run-time was needed.
Overall, reductions of more than 50% on average -in the best case of 83% -have been observed considering the established decomposition (see Table 2 ). Similar results are obtained applying the extended definition of elementary gates (see Table 3 ). As a result, NNC-optimal circuits can be synthesized with a moderate increase of quantum cost.
Conclusions
Quantum technologies are in preliminarily state and several limitations should be resolved to have a scalable quantum technology. Limited interaction distance between gate qubits is one of the most common limitations of the current technologies. In this paper, we illustrated how the synthesis flow can be modified to produce efficient circuits for quantum technologies with limited interactions. The proposed flow includes a set of NNCbased decomposition methods equipped by an NNC-based template matching algorithm. The experiments show that with a naive treatment of the LNN restriction, quantum circuits require up to one order of magnitude higher quantum cost in the LNN architectures. In contrast, using the suggested methods, this increase can be reduced by more than 50% on average (83% in the best case). 
